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Radiative Corrections to Charged Pion Decays Mediated by Vector Bosons™

R. A. SHAFFER
Vanderbilt University, Nashville, Tennessee
(Received 22 April 1963)

The lowest order electromagnetic corrections to the ratio I'(w — e+»)/T' (= — u+»’) have been calculated
in an intermediate vector boson theory. The results indicate that the ratio is relatively insensitive to the
value of the boson’s mass. The ratio agrees with the experimentally determined value.

I INTRODUCTION

HE universal V-4 Fermi theory* has proved quite
successful as a description of the weak elementary
particle interactions. Perhaps the most dramatic pre-
diction of this theory is the value of the ratio R of the
rates of the charged pion decay modes, m — e+v and
7 — u-+»". The comparison of the predicted ratio with
the results of a sensitive experiment necessitates the
calculation of the radiative corrections to the decay
modes. These corrections have been determined by a
number of authors.? The results depend upon how the
inner-bremsstrahlung contributionis taken into account.
The experimental value of R has been determined by
Anderson et al.,® and it agrees with the corrected theo-
retical values. In this paper we determine the sensi-
tivity of R to the presence of a charged, weakly inter-
acting intermediate vector boson (IVB). We first de-
scribe the form of the interactions to be considered and
then determine the virtual photon and inner-brems-
strahlung corrections to the pion decay modes.

II. INTERACTION LAGRANGIAN

The interaction of a spin-one particle with the elec-
tromagnetic field can include the usual minimal term,
a magnetic moment term, and an electric quadrupole
term.* In view of the fact that the IVB has only electro-
magnetic and weak interactions, it has been suggested®
that its electromagnetic coupling should be minimal, in
analogy to the charged leptons. This is the type of
electromagnetic interaction that was assumed for the
IVB when its effects upon 8 and u decay were calcu-
lated.® It was pointed out in those calculations that if
the small momentum transfers are ignored, the contri-
bution to I',/Tou is cutoff-independent. It was further
stated that the momentum-transfer corrections intro-
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duce a quadratic divergence into the expression for the
above ratio. These momentum-transfer contributions
have been re-examined, and it is found that the cutoff
dependence is only logarithmic for minimal electro-
magnetic coupling. However, if the IVB field W* is
given a magnetic moment interaction 4e(3T)F,,
X (WeW*—W W+, a quadratic divergence is intro-
duced by the momentum-transfer corrections.

The cutoff dependence can be determined by examin-
ing the boson’s electromagnetic self-energy parts after
mass renormalization has been carried out. With only
the minimal electromagnetic interaction, the quadratic
divergence in the self-energy part is of the form
(2A2/m)[ (k*+m?) gap— kaks], where m is the IVB mass,
A is an ultraviolet cutoff, and %, is the boson’s four-
momentum. The bracketed expression is the inverse
propagator for the IVB. Hence, this divergence will be
removed by the redefinition of the weak coupling
constant. This coupling constant redefinition is carried
out when any ratio of processes is computed. However,
if we introduce a magnetic moment interaction, the
IVB self-energy part includes a term

(T2A2/m2){ gop (F2+m2)[—13+15In(A/m) ]
FEokg[7—6In(A/m) ]} .

This term is not proportional to the reciprocal boson
propagator. Thus, it is not removed by a redefinition of
the weak coupling constant.

These considerations suggest that we use a minimal
electromagnetic interaction for the IVB when calculat-
ing the radiative corrections to the pion-decay modes.
This interaction is given in Eq. (2) of Ref. 6.

The decay of a charged pion into a pair of leptons is
given by the phenomenological coupling

Li=iadhry*(1+ivslp,+He., 1

where [ represents either an electron or a muon and @
is a weak coupling constant of dimension (length).! We
assume that both the electron and muon neutrinos have
mass zero. L, reduces the effects of the strong inter-
actions of the pion to an effective local pion-lepton
coupling. This is a reasonable assumption in view of the
relatively low energies involved in the decay processes.”
To introduce the IVB we replace L; by

Lo=113,p.W++H.c. )

7 See the first paper of Ref. 2.
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Fi6. 1. Feynman diagrams that contribute to

T'(r — e+»)/T(r — p+v').
and .
Ls=igW"pry,(1+ivs)¥»t+Hee., (3)
where f and g are semiweak coupling constants with
fe/m*=ai. 4)

With this definition of the coupling constant there is no
nonradiative contribution to = — I-+» from the IVB’s
propagator.® The semiweak and electromagnetic IVB
interactions are not renormalizable. However, if the
same cutoff is used in all expressions involving virtual
photons, the ratio R is finite.

III. VIRTUAL PHOTON CONTRIBUTIONS

The lowest order virtual photon corrections to R are
contributed by the Feynman diagrams shown in Fig. 1.
We evaluate the Feynman integrals, square matrix
elements, extract O(e?) contributions, and sum over
final states. Assuming m,.><<m?, we obtain

Ryir=Rola/2m)[In(M /M )+ 2u(1—p) L Inp—2
XIn(M ./mr) n(&/Mm,)+ (14+p) (1—p)
Xh’lu 11'1(62/Mum1r)’_ (m1r2/m2) ]H(M,,/Me)—_l ) (5>

where R, is the uncorrected ratio given by
Ro= (M o/ M [ (ms*—~M 2/ (m—M DT, (6)

a==21/137, u=M 2/m.% and e is a photon mass intro-
duced to prevent an infrared divergence.

A finite IVB mass introduces the term — (m,%/m?)
XIn(M,/M,) into Eq. (5). Since we expect 7> Mg meson,
the contribution to R is negligible. Thus, the virtual
photon contribution to R is the same as that obtained
with a local pion-lepton coupling.?

Fic. 2. Feynman

diagrams that con-
Mi M2 tribute to = — I+»
++ labeled by the
corresponding matrix
< elements.

8See, for example, S. M. Berman, A. Ghani, and R. A.
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IV. INNER BREMSSTRAHLUNG

In this section we consider the diagrams shown in
Fig. 2. For a pion at rest the contribution of M is zero.
The contribution of My is independent of the IVB’s
mass. Squaring matrix elements, summing over final
states, and assuming m,*<<m?, we obtain for the total
inner-bremsstrahlung contribution to = — u-+»’

Ps=Py(a/m){[(1+w) (1—p) " Inu+2]
X (e/me)—n(1—p)—% Inp+$]
—p(10—-Tw[4(1—p)3]?
Xinp—2(14+p) (1—p) ' L(1—p)
+(15-21»)[8(1—w I
+ Qu-5u—T)m2[18m? (u—1) 17
Fma?(1=3u)[6m* (u—1)*T Inw} ,  (7)

where P is the uncorrected spectrum for = — p+»" and
L(1—p) is the Spence function — f5+~* [In(1—x)/x]dx.
We see that again the IVB contribution is small. For
p— e it amounts to a less than 0.19}, correction to P,.
For m — o we obtain Eq. (4) of Ref. 9.

We are also interested in the probability of the
emission of a charged lepton with energy near the two-
body decay energy Eo. To determine this probability
we first calculate the probability of the emission of a
lepton with energy less than E,—AE, where AE<E,.
We obtain

Prp(AE) = — Pole/m){[(1+1) (1— ) Inp+2]
X[In(mz/2AE)+21In(1—u)—2]
+r(10—=TW)[4(1—p)* T Iny
214w (1= L(1—p)— (15—21y)
X[8(1—p) I — (2p2+Sp—T)m.?

X[18m? (u—1) T~ (1—~3u>)ym,*
X[6m?(u—1)*TInp}. (8)

We have the same small contribution from the IVB.
Again, for m — o we obtain Kinoshita’s result. The
probability of the emission of a charged lepton with
energy near FEy is now given by

Pyp—P1p(AE)= Po(a/m)[ (1+p) (1—p) Inp+-2]
XIn[e(1—w)/RAER9].  (9)

This expression is independent of the IVB mass.

V. THE RATIO OF THE II DECAY MODES

From the results in Secs. IIT and IV, we see that the
IVB’s effect upon the charged pion decay modes is very
small, if the boson’s mass is greater than the mass of a
K meson. The contributions of the lowest order radia-
tive corrections to R for a direct pion-lepton coupling
are given in Refs. 7 and 9. These corrections are quite
large for the cases in which AE is O(M,). The experi-
ment of Anderson et al. confirms the existence of the
radiative corrections. However, the uncertainty in the



RADIATIVE CORRECTIONS TO CHARGED PION DECAYS

experimental results is about 6%, and we see that it
would require an enormous increase in experimental
sensitivity to detect the presence of an IVB by observ-
ing the pion decay modes.

It seems that the existence of an IVB will be deter-
mined by examining certain weak and electromagnetic
production processes.’® The possible resolution of the
O-u coupling constant discrepancy in a universal
V-A theory and the introduction of structure into weak
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scattering processes to preserve unitarity' continue to
be the chief theoretical justifications for the conjectured
existence of an IVB.
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A rigorous rule which forbids forward and backward scattering is established for a certain class of in-
elastic collisions. The rule depends only on conservation of angular momentum and parity, and is there-
fore true, independent of the interaction and of the mechanism of the reaction. The class of collisions (called,
in what follows, parity unfavored) consists of two particles 4,B of spin zero colliding to produce a par-
ticle C of spin zero and D of spin S with the intrinsic parities P4, Pp, P¢, and Pp satisfying the condition
P4PpPcPp=(—1)5*1, It is also remarked that in a parity-unfavored reaction the particle with spin S
which is produced is always aligned with respect to the direction of the incident beam. Some applications
in elementary-particle interactions and low-energy nuclear reactions are briefly discussed.

HE purpose of the present note is to point out the
existence of a rigorous selection rule, due only to
parity and angular momentum conservation, in a re-
stricted but important class of collisions. The rule is
as follows: Consider a reaction where two particles 4
and B of spin zero collide to produce a particle C of
spin zero and a particle D of spin .S. Assume that parity
is conserved in the process and that the product of the
intrinsic parities P4Pg in the initial state is equal to
(—1)8+1P¢Pp, where P¢ and Pp are the intrinsic
parities of the final particles; or assume equivalently
that
PaPpPcPp=(—1)5+. (1)

Then, independent of the interaction and of the mecha-
nism of the reaction, the angular distribution vanishes
in the forward and backward directions. In the above,
by particle we mean any elementary or composite
system. If we denote as “parity unfavored’ a reaction
of the kind described above for which (1) is satisfied,
the rule may be expressed simply as: “Parity-un-
favored reactions are forbidden in the forward and
backward directions.”

The proof of the rule is straightforward: Consider
the partial wave with orbital angular momentum / in

the initial state; since the initial particles both have
spin zero, / is also the total angular momentum. As a
result of the collision, this ingoing wave gives rise to
outgoing waves having orbital angular momentum /.
Due to the conservation of parity and of angular mo-
mentum,  must satisfy the two conditions:

=S| <V<i+S, 2)
(=1)t=(=1)¥+sH, 3)

the second of which simply expresses the fact that for
even 1,/ has to be even or odd depending on whether S
is odd or even. This is due to parity conservation and
to the assumed relation between the initial and final
intrinsic parities. Therefore, with the z axis taken in the
direction of the incident beam, the angular part of the
outgoing wave I’ corresponding to the ingoing wave [ is
written as follows:

Yo (0,0)~Lw Cos(0|m', —m) Vv e (6,0)xs, -mr, (4)

where x5, are the spin functions and Cyp (10| m’, —m')
are the Clebsch-Gordan coefficients. Now, since
YV im(0,0) = Y im(m,0)=0, for m>0, the only term in (4)
which gives rise to a nonvanishing contribution in the
forward or backward direction is that corresponding to



