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Radiative Corrections to Charged Pion Decays Mediated by Vector Bosons* 
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The lowest order electromagnetic corrections to the ratio r(7r —> e-\-v)/T{ic —-> /u-fV) have been calculated 
in an intermediate vector boson theory. The results indicate that the ratio is relatively insensitive to the 
value of the boson's mass. The ratio agrees with the experimentally determined value. 

I. INTRODUCTION 

THE universal V-A Fermi theory1 has proved quite 
successful as a description of the weak elementary 

particle interactions. Perhaps the most dramatic pre­
diction of this theory is the value of the ratio R of the 
rates of the charged pion decay modes, TT —> e-\- v and 
7T—> fx+vf. The comparison of the predicted ratio with 
the results of a sensitive experiment necessitates the 
calculation of the radiative corrections to the decay 
modes. These corrections have been determined by a 
number of authors.2 The results depend upon how the 
inner-bremsstrahlung contribution is taken into account. 
The experimental value of R has been determined by 
Anderson et al.,B and it agrees with the corrected theo­
retical values. In this paper we determine the sensi­
tivity of R to the presence of a charged, weakly inter­
acting intermediate vector boson (IVB). We first de­
scribe the form of the interactions to be considered and 
then determine the virtual photon and inner-brems­
strahlung corrections to the pion decay modes. 

II. INTERACTION LAGRANGIAN 

The interaction of a spin-one particle with the elec­
tromagnetic field can include the usual minimal term, 
a magnetic moment term, and an electric quadrupole 
term.4 In view of the fact that the IVB has only electro­
magnetic and weak interactions, it has been suggested5 

that its electromagnetic coupling should be minimal, in 
analogy to the charged leptons. This is the type of 
electromagnetic interaction that was assumed for the 
IVB when its effects upon 0 and n decay were calcu­
lated.6 It was pointed out in those calculations that if 
the small momentum transfers are ignored, the contri­
bution to r^/To14 is cutoff-independent. It was further 
stated that the momentum-transfer corrections intro-
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duce a quadratic divergence into the expression for the 
above ratio. These momentum-transfer contributions 
have been re-examined, and it is found that the cutoff 
dependence is only logarithmic for minimal electro­
magnetic coupling. However, if the IVB field W** is 
given a magnetic moment interaction ie(^T)F^v 

XiW^W"*— WVW^), a quadratic divergence is intro­
duced by the momentum-transfer corrections. 

The cutoff dependence can be determined by examin­
ing the boson's electromagnetic self-energy parts after 
mass renormalization has been carried out. With only 
the minimal electromagnetic interaction, the quadratic 
divergence in the self-energy part is of the form 
(e2A2/nt2)[(k2+ni2)ga0—kakp], where m is the IVB mass, 
A is an ultraviolet cutoff, and ka is the boson's four-
momentum. The bracketed expression is the inverse 
propagator for the IVB. Hence, this divergence will be 
removed by the redefinition of the weak coupling 
constant. This coupling constant redefinition is carried 
out when any ratio of processes is computed. However, 
if we introduce a magnetic moment interaction, the 
IVB self-energy part includes a term 

(e2T2A2/m2) {gap (k2+m2) [- •13+15 In(A/w)] 
+£«M7-61n(A/m)]}. 

This term is not proportional to the reciprocal boson 
propagator. Thus, it is not removed by a redefinition of 
the weak coupling constant. 

These considerations suggest that we use a minimal 
electromagnetic interaction for the IVB when calculat­
ing the radiative corrections to the pion-decay modes. 
This interaction is given in Eq. (2) of Ref. 6. 

The decay of a charged pion into a pair of leptons is 
given by the phenomenological coupling 

Li=iadd>Jpa*1(\+iy$)\l/v+'R.Q., (1) 

where I represents either an electron or a muon and a 
is a weak coupling constant of dimension (length).1 We 
assume that both the electron and muon neutrinos have 
mass zero. L\ reduces the effects of the strong inter­
actions of the pion to an effective local pion-lepton 
coupling. This is a reasonable assumption in view of the 
relatively low energies involved in the decay processes.7 

To introduce the IVB we replace Li by 

L^ifd^W^+Hx. (2) 
7 See the first paper of Ref. 2. 
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FIG. 1. Feynman diagrams that contribute to 
T(TT —> e+v)/T(ir -> / * + / ) . 

and 
P 3 ^ J F ^ z 7 , ( l + m ) ^ + H . c . , (3) 

where / and g are semiweak coupling constants with 

fg/m2-=ai. (4) 

With this definition of the coupling constant there is no 
nonradiative contribution to TT —>l+v from the IVB's 
propagator.8 The semiweak and electromagnetic IVB 
interactions are not renormalizable. However, if the 
same cutoff is used in all expressions involving virtual 
photons, the ratio R is finite. 

III. VIRTUAL PHOTON CONTRIBUTIONS 

The lowest order virtual photon corrections to R are 
contributed by the Feynman diagrams shown in Fig. 1. 
We evaluate the Feynman integrals, square matrix 
elements, extract 0(e2) contributions, and sum over 
final states. Assuming mv

2<Km2^ we obtain 

RviTt=Ro{a/2T)lln(M,/Me)+2fx(l-ix)~1lnfx'-2 

Xln(Me/mr) l n ( e 2 /M e w.)+( l+M)( l -M)" 1 

Xln/x l n ( e V A ! > 0 ~ i™*2/™2) ln(Jf M /Af.)], (5) 

where Po is the uncorrected ratio given by 

Ro= (M</M,>K(mJ--Mf)/(mJ- •M*)J, (6) 

a£=l/137, n^M^/nt*2, and e is a photon mass intro­
duced to prevent an infrared divergence. 

A finite IVB mass introduces the term — (mT
2/m2) 

Xln(AfM/Af«) into Eq. (5). Since we expect m>mK meson? 

the contribution to R is negligible. Thus, the virtual 
photon contribution to R is the same as that obtained 
with a local pion-lepton coupling.9 

FIG. 2. Feynman 
diagrams that con­
tribute to 7r—»/-+-*> 
+ 7 labeled by the 
corresponding matrix 
elements. _1 

M i 

8 See, for example, S. M. Berman, A. Ghani, and R. A. 
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IV, INNER BREMSSTRAHLUNG 

In this section we consider the diagrams shown in 
Fig. 2. For a pion at rest the contribution of Mi is zero. 
The contribution of M4 is independent of the IVB's 
mass. Squaring matrix elements, summing over final 
states, and assuming mT

2<<Cm2, we obtain for the total 
inner-bremsstrahlung contribution to TT —» ju+ / 

PiB = Po(a/7r){[( l+M)(l -M)- 1 ln M +2] 

X | > ( € / w , ) - l n ( l - / 0 - - i In /H-i ] 
- M ( 1 0 - 7 M ) C 4 ( 1 - J U ) 2 ] - 1 

X l n M - 2 ( l + M ) ( l - / x ) - 1 L ( l - M ) 

+ ( 1 5 - 2 1 j u ) [ 8 ( l - M ) ] - 1 

+ (2M
2+5 iu-~7)w i r

2[18w2(M-l)]-1 

+mj(l-3ix%6m2{fx-l)2y-1 In/*}, (7) 

where P 0 is the uncorrected spectrum for TT —> ju+ v and 
L(\—[x) is the Spence function —Jo1"1* [ln(l — x)/x]dx. 
We see that again the IVB contribution is small. For 
jLt—> e it amounts to a less than 0 . 1 % correction to P 0 . 
For m - > cowe obtain Eq. (4) of Ref. 9. 

We are also interested in the probability of the 
emission of a charged lepton with energy near the two-
body decay energy EQ. T O determine this probability 
we first calculate the probability of the emission of a 
lepton with energy less than EQ—AE, where AE<£Eo. 
We obtain 

P I B ( A £ ) ^ - P o ( a / 7 r ) { C ( l + M ) ( l - M r i l n / x + 2 ] 
X p n ( w T / 2 A £ ) + 2 l n ( l - j i ) - . f ] 
+M(10-7M)C4(l~M)2]-1 lnM 

+ 2 ( 1 + M ) ( 1 - M ) - 1 Z ( 1 ^ ) ~ ( 1 5 - 2 1 / U ) 

XZHl-tiT1- (2n2+Sfx-7)mir
2 

X C l S w 2 ^ - ! ) ] - 1 - ( l-3M
2)mT

2 

XC6m 2 ( M - l ) 2 ] - 1 ln M } . (8) 

We have the same small contribution from the IVB. 
Again, for m —> 00 we obtain Kinoshita's result. The 
probability of the emission of a charged lepton with 
energy near Eo is now given by 

P iB-P iB(A£) = Po(aA)[ ( l+M)( l -A*)- 1 ln / i+2] 
X l n [ e ( l - / i ) / ( 2 A E M ^ ) ] . (9) 

This expression is independent of the IVB mass. 

V. THE RATIO OF THE II DECAY MODES 

From the results in Sees. I l l and IV, we see that the 
IVB's effect upon the charged pion decay modes is very 
small, if the boson's mass is greater than the mass of a 
K meson. The contributions of the lowest order radia­
tive corrections to R for a direct pion-lepton coupling 
are given in Refs. 7 and 9. These corrections are quite 
large for the cases in which AB is 0(Me). The experi­
ment of Anderson et at. confirms the existence of the 
radiative corrections. However, the uncertainty in the 
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experimental results is about 6%, and we see that it 
would require an enormous increase in experimental 
sensitivity to detect the presence of an IVB by observ­
ing the pion decay modes. 

I t seems that the existence of an IVB will be deter­
mined by examining certain weak and electromagnetic 
production processes.10 The possible resolution of the 
014-M coupling constant discrepancy in a universal 
V-A theory and the introduction of structure into weak 

10 T. D. Lee and C. N. Yang, Phys. Rev. Letters 4, 307 (I960), 
and Ref. 4. 

TH E purpose of the present note is to point out the 
existence of a rigorous selection rule, due only to 

parity and angular momentum conservation, in a re­
stricted but important class of collisions. The rule is 
as follows: Consider a reaction where two particles A 
and B of spin zero collide to produce a particle C of 
spin zero and a particle D of spin S. Assume that parity 
is conserved in the process and that the product of the 
intrinsic parities PAPB in the initial state is equal to 
(—1)8+1PCPD, where Pc and PD are the intrinsic 
parities of the final particles; or assume equivalently 
that 

PAPBPGPD^{~1)S+1. (1) 

Then, independent of the interaction and of the mecha­
nism of the reaction, the angular distribution vanishes 
in the forward and backward directions. In the above, 
by particle we mean any elementary or composite 
system. If we denote as "parity unfavored" a reaction 
of the kind described above for which (1) is satisfied, 
the rule may be expressed simply as: "Parity-un­
favored reactions are forbidden in the forward and 
backward directions." 

The proof of the rule is straightforward: Consider 
the partial wave with orbital angular momentum I in 

scattering processes to preserve unitarity11 continue to 
be the chief theoretical justifications for the conjectured 
existence of an IVB. 
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the initial state; since the initial particles both have 
spin zero, / is also the total angular momentum. As a 
result of the collision, this ingoing wave gives rise to 
outgoing waves having orbital angular momentum /'. 
Due to the conservation of parity and of angular mo­
mentum, V must satisfy the two conditions: 

\I-S\<F<I+S, (2) 

(-!)'= (-iy /+*+1, (3) 
the second of which simply expresses the fact that for 
even 1,1' has to be even or odd depending on whether 5 
is odd or even. This is due to parity conservation and 
to the assumed relation between the initial and final 
intrinsic parities. Therefore, with the z axis taken in the 
direction of the incident beam, the angular part of the 
outgoing wave /' corresponding to the ingoing wave I is 
written as follows: 

M M ~ I ! * ' Cvs(lO\m\ -m')Yy,m'(0,<p)X8,-m>, (4) 

where xs,m are the spiri functions and CVs(/0|m f, —mf) 
are the Clebsch-Gordan coefficients. Now, since 
Yim(0,<p) = FjTO(7r,<p) = 0, for m^O, the only term in (4) 
which gives rise to a nonvanishing contribution in the 
forward or backward direction is that corresponding to 
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A rigorous rule which forbids forward and backward scattering is established for a certain class of in­
elastic collisions. The rule depends only on conservation of angular momentum and parity, and is there­
fore true, independent of the interaction and of the mechanism of the reaction. The class of collisions (called, 
in what follows, parity unfavored) consists of two particles A,B of spin zero colliding to produce a par­
ticle C of spin zero and D of spin S with the intrinsic parities PA, PB, PC, and PD satisfying the condition 
PAPBPCPD— (— l ) s + 1 . It is also remarked that in a parity-unfavored reaction the particle with spin S 
which is produced is always aligned with respect to the direction of the incident beam. Some applications 
in elementary-particle interactions and low-energy nuclear reactions are briefly discussed. 


